Summary of Convergence Tests

NAME

STATEMENT

COMMENTS

Test for Divergence

If lim a,, # 0, then ), a, diverges.
n—-oo

If lim a,, = 0, then ), a,, may or
n—-oo

may not converge.

P-Series Test

Let ) niv be a series with positive
terms, then
(a) Series converges if p>1
(b) Series diverges if p<I

This test can be used in conjunction
with the comparison test for any a,
whose denominator is raised to the
n" power.

Direct Comparison Test

Let Y, a, and ), b,, be series with
non-negative terms such that

a, <b,a, <by,a3 < by, ..

if ), b,, converges, then ), a,,
converges, and if }; a,, diverges,
then ), b,, diverges.

This test works best for series whose
formulas look very similar to the
format needed for another test. Best
example: when a,, is a rational funct.
WARNING: must use a second test
to determine whether the built series
converges or diverges.

Limit Comparison Test

Let ). a, and Y. b,, be series with
positive terms such that

. a
c= lim=

n—-o On
if 0 < ¢ < oo, then both series
converge, or both series diverge.

This is easier to apply than the
Direct Comparison Test and works
in the same type of cases.
WARNING: must use a second test
to determine whether the built series
converges or diverges.

Integral Test

Let )} a,, be a series with positive
terms, and let f(x) be the function
that results when 7 is replaced by x
in the n' term of the associated
sequence. If f(x) is decreasing and
continuous for x = 1, then

iy ay and f;” f (x)dx
both converge or both diverge.

This test only works for series that
have positive terms.

Try this test when f(x) is easy to
integrate.

Ratio Test

Let Y a, be a series and suppose

. a
£ = lim =
n-o an

(a) Convergesif—-1<¥<1
(b) Divergesiff > 1lorf < —1
(c) Testfailsif £ = +1

Try this test when a,, involves
factorials or combinations of
different types of functions.

Ratio Test for Absolute

Let Y a,, be a series and suppose

This is the default test because it is

Convergence £ = lim |%t2 one of the easiest tests and it rarely
n-oo | an ) fails.
(a) Se@es converges if£<1 NOTE: the series need not have only
(b) Series diverges if £> 1 positive terms nor does it have to be
(c) Testfailsif£=1 alternating.
Root Test Let Y. a, be a series and suppose This test is the most accurate, but

£ = lim Y/|a,|
n—-oo
(a) Series converges if £ <1
(b) Series diverges if £ > 1
(c) Testfailsif£=1

not the easiest to use in many
situations.

Use this test when a,, has n powers.

Alternating Series Test

If a, > 0 for all n, then the series
aj—aptaz—as+... or
-;ata—aztasz—...

Converges if:

(@) a;>ay>az>as> ...
(b) lima,=0

n—-oo

This test only applies to alternating
series.

NOTE: |S — S,| < |an1l

which means that error of the
partial sum of the first  number of
terms of the series is less than the
absolute value of next term.




summary of Tests for Series

SECTION 8.6

The Ratio and Root Tests

593

Seres | Com

This test cannot be

| Test for Divergence ”21 an nlgglo a,#0 used to show
B ‘ . convergence.
- ) vGeometric Series ’20 ar” Ir| <1 7| 21 Sum: S = ] i -
Telescoping Series > (b, —b,.1) lim b, = L Sum: S =b, — L
n=1 n—oo
4 e N 1 <
| p-Series 2 p > p<s1
0<a <a Remainder:
) . . _1\n-1 n+1 n
Alternating Series ’21 (=1~ 1a, and lim a_ = 0 Ryl < ay.,,
| Integral o Remainder:
(fis continuous 2 foof( ) d foof( ) dx di A
. ? n=1 X) dx converges X verges
positive, and @ = f(n) > 0 . . 0 <Ry < L flx) dx

| Direct Comparison
.‘,(an,bn > 0)

(oo} .
and ' b, converges
n=1]

and > b, diverges

n=1

decreasing) "
[iF o Test is inconclusive if
~* | Root a lim {/|a,| < 1 lim ¥/|a| > 1 :
' ”21 " n—sco a| Pyl |a] lim ¥/ |a,| = 1.
=] n—oo
: - Test is inconclusive if
. . a . )
- | Ratio > a, lim [+ < 1 lim |2 5 g lim [%2t1] = ¢
1 n=1 n—oo | a, n—oo | a, m = 1.
n—eo | a,
0 < all S bl7 O < bl’l S a71

.';__ Limit Comparison -
: (an, b, > 0)

. a
lm =L >0
n—oco n

OO0
and ) b, converges

n=1]

: a/‘l —
Jim, b, L>0

and Y b, diverges

n=1
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Strategies for Testing Series

You have now studied ten tests for determining the convergence or divergence of an
infinite series. (See the summary in the table on page 593.) Skill in choosing 4y
applying the various tests will come only with practice. Below is a useful checklist f,
choosing an appropriate test.

In some instances, more than one test is applicable. However, your objective should
be to learn to choose the most efficient test.

EXAMPLE 5 Applying the Strategies for Testing Series
[ s iy

Determine the convergence or divergence of each series.

X n+1 S [\ 3 e x 1

a. ;121 1 b. HZI <€> c );1 ne d. n21 1
& 3 S nl S [n+ 1\

e ,;1 Uy ot ,;1 107 & ; <2n + 1>

Solution

a. For this series, the limit of the nth term is not 0 (an —3asn— oo). Thus, by the
nth-Term Test, the series diverges.

b. This series is geometric. Moreover, because the common ratio of the terms is le :
than 1 in absolute value (r = 7/6), you can conclude that the series converges.

€. Because the function f(x) = xe™*"is easily integrated, you can use the Integral T
to conclude that the series converges.

d. The nth term of this series can be compared to the nth term of the harmonic seri
After using the Limit Comparison Test, you can conclude that the series diverges

e. This is an alternating series whose nth term approaches 0. Because a,., < a,Y0
can use the Alternating Series Test to conclude that the series converges.

f. The nth term of this series involves a factorial, which indicates that the Ratio T?
may work well. After applying the Ratio Test, you can conclude that the ser
diverges.

8- The nth term of this series involves a variable that is raised to the nth power, W
indicates that the Root Test may work well. After applying the Root Test, you ¢4
conclude that the series converges. focse






